A two-point Padé approximant method is presented for refining some remarkable trigonometric inequalities including the Jordan inequality, Kober inequality, Becker-Stark inequality, and Wu-Srivastava inequality. Simple proofs are provided. It shows to achieve better approximation results than those of prevailing methods.
Introduction
Trigonometric inequalities have caused interest of a lot of researchers, they analyzed the Wilker inequality [6-11, 14, 16-19] , Jordan inequality [3, 5, 15, 20, 21] , Shafer-Fink inequality [12] , Becker-Stark inequalities [13] , and so on.
Recently, Bercu provided a Padé-approximant-based method and obtained the following inequalities [2] . 
b 5 (x) < tan(x) x < b 6 (x), ∀x ∈ (0, 1.5701); (3)
where b 5 (x) = -28x 4 -600x 2 +7200 9x 6 +12x 4 -3000x 2 +7200
, b 6 (x) = 22x 8 -60x 6 . In this paper, we present a two-point Padé-approximant-based method [1] for refining the rational bounds of several trigonometric inequalities, and also provide a method for proving the refined bounds. By applying the new method to and (
, it not only provides refined two-sided bounds with better approxima-tion effect for Eq. (3) ∼ (4), but also extends the interval (0, 1.5701) to the interval [0, π/2], see also the theorems and remarks in Sect. 3.
Find bounds by using two-point Padé approximant
Given a bounded smooth function
be a rational polynomial interpolating derivatives of f (x) at two points x 0 and x 1 such that
where
There are m + n + 2 unknowns in Eq. (5).
By selecting suitable values of k and l, we have that Eq. (5) 
. By setting n 1 = 13, m 1 = 0, n 2 = 11, and m 2 = 0 and introducing the following constraints
we obtain that
where α 1 = . It can be verified that R j (x) ≥ 0, ∀x ∈ , j = 1, 2. From Eq. (6), ∀x ∈ , there exists ξ j (x) ∈ such that [4] 
Note that f
1 (x) = -sin(x) ≤ 0 and f
1 (x) = sin(x) ≥ 0, ∀x ∈ . Combining with Eq. (8), one obtains that
Example 2 Let f 2 (x) = cos(x). By setting n 3 = 12, m 3 = 0, n 4 = 10, and m 4 = 0 and introducing the following constraints
where α 3 = 8 10,080π 10 , β 4 (x) = 1 - . It can be verified that R j (x) ≥ 0, ∀x ∈ , j = 3, 4. From Eq. (10), ∀x ∈ , there exists ξ j (x) ∈ , j = 3, 4, such that [4] 
2 (x) = -sin(x) ≤ 0 and f
2 (x) = sin(x) ≥ 0, ∀x ∈ . Combining with Eq. (12), one obtains that
Main results
The main results are as follows. 
It is well known that 
Combining with Eq. (19), we have that 
Thus, we have completed the proof of both Eq. (18) and Eq. (17).
Theorem 3.3
For all ∀x ∈ , we have that
10,395 -4725x 2 + 210x 4 -
where T 1 (x) = (π 6 
